
Definition of Fundamental Group

A path α in a space X is a continuous map α : [0, 1] → X.

Ça��+ 1 Given two paths α and β in X with the same end points, ie, α(0) =
β(0) and α(1) = β(1) .

α is path homotopic to β, denoted by α ∼ β, if α
F' β rel ∂I = {0,1} ,

i.e., ∃ F : I × I → X such that
1. F(t,0) = α(t),∀t ∈ I.
2. F(t,1) = β(t),∀t ∈ I.
3. F(0,s) = α(0), F(1,s) = α(1), ∀s ∈ I.

In general for f and g :X → Y with f(a) = g(a) for a ∈ A ⊂ X,
f is homotopic to g (denoted by f ' g) relative to A ⊂ X,
if ∃ a map F : X × I → Y such that

1. F(x,0) = f(x),∀x ∈ X.
2. F(x,1) = g(x),∀x ∈ X.
3. F(a,s) = f(a) = g(a), ∀a ∈ A.

Note. ∼ is an equivalence relation.

(reflexive) α ∼ α

(symmetric) α ∼ β ⇒ β ∼ α :
α ∼ β\�¦ ÅÒ��H homotopy F\� @/K� G(t,s)=F(t,1-s)�Ð ÅÒ��� s���H β ∼ α \�¦ ëß�
7á¤���H homotopy�� �)a��.

(transitive) α ∼ β, β ∼ γ ⇒ α ∼ γ :
F: homotopy between α and β, G: homotopy between β and γ �����.s�M:,
H\�¦

H(t, s) =

{
F (t, 2s) if 0 ≤ s ≤ 1

2

G(t, 2s− 1) if 1
2
≤ s ≤ 1

�Ð ¿º��� H ��H α ü< γ ��s�_� homotopy�� �)a��.
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Ça��+ 2 (i)¿º>h_� path α, β with α(1) = β(0)\�@/K�"f product path α∗β��H
��6£§õ� °ú s� &ñ
_��)a��.

α ∗ β(t) =

{
α(2t) if 0 ≤ t ≤ 1

2

β(2t− 1) if 1
2
≤ t ≤ 1

(ii) Ω(X, x0) := {α : I → X | α(0) = α(1) = x0} : loop space of X based at x0

Introduce a group structure on Ω/ ∼:
(a) group operation�Ér [α] · [β] := [α ∗ β]

s� Y�Ls� Ω/ ∼ \�"f ú̧� &ñ
_��� �)a����H �¦̀�	כ �Ðs���.
7£¤ α ∼ α′, β ∼ β′ ⇒ α ∗ β ∼ α ∗ β′e���̀¦ �Ðs���� Ø�æì�r���.
F\�¦ α, α′_� homotopy, G\�¦ β, β′ _� homotopy�Ð ¿º���

H(t, s) =

{
F (2t, s) if 0 ≤ t ≤ 1

2

G(2t− 1, s) if 1
2
≤ t ≤ 1

�� α ∗ β, α′ ∗ β′ ��s�_� homotopy \�¦ ï�r��.

Õª�QÙ¼�Ð [α] · [β] = [α ∗ β]��H Ω/ ∼\�"f ú̧� &ñ
_�÷&%3���.
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(b) Associativity ([α] · [β] · [γ] = [α] · ([β] · [γ]) :

(α ∗ β) ∗ γ ü< α ∗ (β ∗ γ) ��H ��z�́�©� °ú �Ér path _� reparametrizations�Ù¼�Ð ��
6£§ Noteëß� �Ðs���� �)a��.
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Note. In general, if β(t) = α(φ(t)) where φ : I → I with φ(0) = 0 and
φ(1) = 1, is a reparametrization, then α ∼ β.

(7£x"î
) F(t,s) : = α(sφ(t) + (1− s)t) ��H ���5Åqs��¦
F (t, 0) = α(t), F (t, 1) = α(φ(t)) = β(t) ��s�\� "é¶���H homotopy\�¦ ï�r��.

(c) Existence of an identity e:

Let I → {x0} ⊂ X (a constant loop). Õª�Q���α ∗ e ��H α_� reparametrizations�
Ù¼�Ð 0A_� Note\� ���� α ∗ e ∼ α ∼ e ∗ α.

(d)Existence of an inverse:

Given α ∈ Ω, define α(t) := α(1 − t). Then we show that α ∗ α ∼ e ∼ α ∗ α.
s��¦̀�	כ �Ðs�l� 0AK� F : I × I → X \�¦ ��6£§õ� °ú s� &ñ
_����.

F (t, u) =





α(2t) if 0 ≤ u ≤ 1− 2t

α(2t− 1) if u ≤ 2t− 1

α(1− u) = α(u) if u ≥ |1− 2t|
Õª�Q��� F��H ���5Åqs��¦ α ∗ αü< e ��s�\� homotopy\�¦ ï�r��. °ú �Ér ~½ÓZO�Ü¼�Ð
α ∗ α ∼ e �̧ %i�r� �Ð{9� Ãº e����.
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Ça��+ 3 (The fundamental group.)
π1(X, x0) := Ω(X, x0)/ ∼�̀¦ X_� fundamental group (based at x0)���¦ ÂÒ�Ér
��.
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